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, ^ ' Abstract 

, Let A be a nonassociative algebra such that the associator (A, A^, A) vanishes. If A is freely gener- 

ated by an element /, there are commuting derivations (5„, n — 1,2,..., such that is a nonlinear 

homogeneous polynomial in / of degree n + 1. We prove that the expressions (5„j ■ • ■ Sn^ (/) satisfy 
identities which are in correspondence with the equations of the Kadomtsev-Petviashvili (KP) hierar- 
chy. As a consequence, solutions of the 'nonassociative hierarchy' 9f„(/) = n = 1,2, . . ., of 

' ordinary differential equations lead to solutions of the KP hierarchy. The framework is extended by in- 

troducing the notion of an A-module and constructing, with the help of the derivations (5„, zero curvature 
connections and linear systems. 
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1 Introduction 

Let / generate freely a nonassociative algebra A over a commutative ring TZ with identity element (see [1,2], 
for example, for the algebraic structures used in this work). In order to construct commuting derivations, 
we choose their actions on the generator as nonlinear homogeneous expressions in the generator and extend 
them via the derivation rule. For the first equation (of lowest order in /), there is no other choice than 

Siif) = f. (1.1) 

The second equation should take the form 

S2{f) = ^lff-^2ff (1.2) 

with Ki,K2 € TZ, since //^ and /^/ are the only independent monomials cubic in /. The requirement that 
6i and 62 are commuting derivations then leads to the condition 

{^1 + ^2) if, f, f) = {1^1 - ^2) ff , (1.3) 

with the associator 

{a,b,c) := {ab)c- a{bc) . (1.4) 

Choosing ki = K2 = 1, this means 

{f,f,f) = 0, (1.5) 
which weakens the allowed nonassociativity. In fact, we will more generally assume that 

{a,bc,d) = {a{bc))d-a{{bc)d) =0 (1.6) 
for all a, b,c,d£ A. The next derivation can then be taken as 

Ssif) = fiff) - fff - ff + iff)f ■ (1.7) 

This construction can consistently be continued ad infinitum (note that derivations preserve (II. 6t ). and 
the underlying general building law will be presented in this work. The condition (11.61) is a rather strong 
restriction of the a priori possible nonassociativity. In this work we will not address the problem of finding 
the weakest restriction of nonassociativity and the corresponding hierarchy of derivations. 

The derivations 6n are subject to algebraic identities. For example, a direct calculation reveals that 

'^1 {^hif) - Sfif) + 6 (<5i(/))2) - 3<5i(/) + 6 Mf), 6i{f)] ^ (1.8) 

as a consequence of the definitions dl.ll) . (I1.2t . il.li . and the derivation rule. If we formally replace the 
6n by partial derivatives dt„ with respect to independent variables ti,t2,- ■ ■, we recover the potential KP 
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equation. In fact, the elements 6^ ■ • • (5„j. (/), where ni, . . . , = 1,2,... and k = 1,2, . . ., satisfy more 
identities of this kind and, as we will prove in this work, the whole KP hierarchy emerges in this way. Since 
these identities are built solely from the 'composite elements' 6n^ ■ ■ ■ 6n^ (/), as a consequence of (II. 6t they 
actually live in an associative subalgebra. 

If A is taken over a commutative ring of (smooth) functions of independent variables ti,t2, ■ ■ .,'we may 
consider the hierarchy 

dtAf) = Sn{f) n = l,2,... (1.9) 

of commuting flows in the nonassociative algebra A. This turns the identity (II. 8t into the potential KP 
equation. According to the more general result mentioned above, the whole potential KP hierarchy is a 
consequence of ( 11.91 ). This implies that any solution of ( 11.91 ) leads to a solution of the potential KP hierarchy. 
Then u := dtj^f, which as a consequence of dl.ll) . (I1.9t and (ll.6t lies in an associative subalgebra, solves 
the KP hierarchy. 

Since il.9i is an autonomous system of first order differential equations with commuting flows, in certain 
cases it has a (formal) solution for given initial data. We will show that, with a suitable choice of A, from 
this solution one obtains in particular solutions of the (potential) KP hierarchy with dependent variable in 
a matrix algebra, which in turn lead to familiar solutions of the scalar potential KP hierarchy, including the 
multi-solitons (see section[8ll. 

The right hand sides of the equations ( ll.9t are purely algebraic expressions in / and do not involve 
derivatives. They display the combinatorial structure underlying the KP (and also Burgers) hierarchy. The 
first equation ft-^ = of the hierarchy il.9[ . which is the only one that would survive in case of associa- 
tivity, is the equation of a 'nonassociative top' [3]. It has the form of (nonassociative) 'quadratic dynamical 
systems' as considered in [4,5], for example (see also the references therein). 

In a different way, nonassociative algebras already made their appearance in the context of integrable 
systems [5-14]. Svinolupov [6] determined the conditions under which a system of equations of a special 
form, involving 'structure constants' of a nonassociative algebra, possesses symmetries, i.e., other systems 
such that the flows commute. This led to algebraic structures known as 'left-symmetric algebras' (see 
also [15] and references therein) and 'Jordan pairs'. 

In section |2l we introduce the basic nonassociative algebraic structure on which this work is rooted. 
Section |3l introduces a sequence of derived products in any algebra which is 'weakly nonassociative' in the 
sense of (ll.6t . This mainly serves as a preparation for the construction in section|4]of a hierarchy of deriva- 
tions, i.e. a sequence of commuting derivations 6n, n = 1,2, . . ., for a subclass of weakly nonassociative 
algebras. Section|5lthen contains a major result of this work, namely the proof that the derivations 5„ satisfy 
a sequence of algebraic identities which are in correspondence with the equations of the KP hierarchy (as 
outlined above). An application of this result to quasi-symmetric functions is given in section|6l In section^ 
we derive some properties and consequences of the 'nonassociative hierarchy' ( 11.91 ). Section[8ldemonstrates 
in particular how multi-soliton solutions of the (potential) KP hierarchy are recovered in this framework. In 
section |9l we extend the algebraic framework by introducing (left- and right-) A-modules and connections 
on them. Section QOlcontains some concluding remarks. 

2 Weakly nonassociative algebras 

Let A be any (nonassociative) algebra over a unital commutative ring TZ. Then 

A' := {6 G A|(a,6,c) = Va,cGA} (2.1) 
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is an associative subalgebra. If A has an identity element, then it belongs to A'. We call A weakly nonasso- 
ciative (WNA) if A^ C A', which is equivalent to the condition 

{a,bc,d)=0 \/a,b,c,deA. (2.2) 

In this case A' is also a two-sided ideal in A. Obviously, for a WNA algebra A the quotient algebra A/ A' is 
nilpotent of index 2. The condition ( I2.2I) can also be expressed in the following two ways, 



-Ka rCh — Uba 

where La, Ra are left and right multiplication by a G A. 

If A is any algebra and 1 the two-sided ideal in A generated by (a, be, d) for all a, b,c,d^ A, then A/1 
is a WNA algebra. 

For a WNA algebra A, let A(/) denote the subalgebra generated by a single element / € A. We have 
LfRfif) = Lfif), RfLfif) = Rfif), and LfRf{b) = RfLf{b) if 6 G A'. Since RJ{a) G A' and 
L^ia) G A' for m > 1 and for all a G A, the following relations hold, 

L]RJ+^ = RfL]Rf , RJLJ+^ = LfR^Lf m, n = 0, 1, 2, . . . . (2.4) 

In particular, this implies 

L]RJ+Hf) = L]Rf{f) = RjL^+'if) m,n = 0,1,2,... . (2.5) 

It is convenient to introduce the abbreviations 

hn:=L]{f), en:=R]{f) n = 0,1,2,.... (2.6) 

The reader should keep in mind that /i„, e„, and objects expressed in terms of them, depend on the choice 
of /. For the sake of a simpler notation, we do not write this dependence explicitly. 

Proposition 2.1 The algebra A(/) is spanned by f and products of the elements LJRJ'{f'^), n,m = 
0,1,2,.... 

Proof: Obviously, A(/) is spanned by products of monomials of the form V'pR-'^ ■ ■ ■ V'^R^j{f) where 
ii, . . . ,im,ji, ■ ■ ■ ,jn G N U {0} and m, n G N. Using (12.41) and (12. 5t . we see that such monomials are 
given by / or where m,n > 0. As a consequence of the WNA property, any monomial built 

from elements of the form U'jR^j{f'^) and also with / can be reduced to a monomial which consists of 
products of elements LJRJ'{f'^) only. □ 

Example. Let A be an associative algebra and Li,Ri : A —>■ A, i = 1,2, . . . , N, linear maps such that 
[Li,Rj] = and Li{ab) = Li{a) b, Ri{ab) = aRi{b) for all a,b ^ A. Then we can construct a WNA 
algebra A by augmenting A with elements fi, i = 1, . . . , N, such that 

fifj = 9ij , (2.7) 

with fixed gij G A, and setting 

fia:=Li{a), a fi := Ri{a) Va G ^ . (2.8) 

Obviously, A C A'. In fact. A' will be larger than A if the extension by some fk is associative, a case which 
is of less interest. For fixed k, f^ lies in A' if and only if 

LiLk{a) = Qika, RiRk{a) = agui, Rj{gik) = Li[gkj) , Rk{a)b = aLk{b) , (2.9) 
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for z, j = 1, . . . , and for all a,b £ A. A precise formulation of the above augmentation is given in 
the next proposition. Particular examples are obtained by setting Lj(a) = g^a, Ri{a) = ari, with fixed 
elements qi, G ^. If ^ has an identity element (unity) u, then qi = Lj(n) and = Ri{u). □ 

Proposition 2.2 Let A be an associative algebra (over TZ), Li,Ri : A ^ A, i = 1, . . . , N, linear maps 
such that [Li, Rj\ =0 and 

Li{ab) = L,{a)b, Ri{ab) = a Ri{b) Va,6G^, (2.10) 

and Qij £ A, i, j = 1, . . . , N. For ct = (ai, . . . , a]\f),l3 = . . . , Pn) G l^t us define 

N N N 

g{a,P) := OiPj gij , La:='^aiLi, R/s := Pi Ri . (2.11) 

i,j=l 1=1 i=l 

Then A := (0^i TV) A supplied with the product 

(«,o)(/3,6) := {0,gicx,(3)+LUb) + Rf3ia)+ab), (2.12) 

a WNA algebra. If, in addition, the equations 

Lf3La{a) = g{l3,a)a, RfsR^ia) = a g{a, fi), R^{g{P,a)) = Li3{g{a,j)), Ra{a) b = a La{b),(2.l3) 

for all a,b G A and all Pj-y G TZ'^, imply a = 0, then A' = A and A /A' is a free module with N 
generators. 

Furthermore, any WNA algebra A, for which A /A' is finitely generated, is isomorphic to a WNA algebra of 
this type. 



Proof: It is easily verified that the algebra obtained by the above construction indeed satisfies (12. 2t (see also 
the last example). The additional condition then guarantees that /j := (0, . . . , 1, 0, . . . , 0, 0) A' (with the 
identity element of TZ at the ith position) for z = 1, . . . , A^, and that the equivalence classes [fi] G A/ A', 
i = 1, . . . , A^, are independent. 

Conversely, let A be a WNA algebra and fi, i = I, . . . , N, elements such that [f.i\, i = 1, . . . , N, freely 
generate A/A'. Then gij := fifj G A', and Li{a) := fi a, Ri{a) := a fi define linear maps A' — > A'. As 
a consequence of the WNA property, we have [Li, Rj] = and (I2.10t with A := A'. The set of equations 
(I2.13t is then equivalent to 

AT N 

XI (/i' /i' «) = ' ^ '^il^j («' /i' fj) = : 

i,j=l i,j=l 
N N 

^ Piaj-fk{fi,fj,fk) = 0, ^ai{a,fi,b) = 0, 

i,j,k=l i=l 

for all a,b £ A', and for all /3, 7 G TZ'^ . Since [fi], i = 1, . . . , N, are independent, this implies a = 0. 
It is easily verified that i{a) := (0, a) for all a G A', and i{fi) := (0, . . . , 1, 0, . . . , 0, 0) (with the identity 
element of TZ at the ith position), i = I, . . . , N, determines an isomorphism z. : A — > (0^^ 7^) 0^', where 
the target is supplied with the product (I2.12t . □ 

If not stated otherwise, in the following A will always refer to a nonassociative (and typically noncom- 
mutative) algebra which is WNA. Occasionally we need to extend the ring TZ, over which the algebra A is 
taken, to a ring of formal power series in certain parameters. This will not always be mentioned explicitly. 
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2.1 The free WNA algebra with a single generator 

Let .4frcc be the free associative algebra over TZ, generated by elements Cm,n, m, n = 0, 1, . . .. We define 
linear maps L,R : ^free -^free by 



and 



Obviously, we have 



-^'(Cm,n) • — Cjn+l,n j R{,Cm,n) • — C.m,n+1 i (2-14) 

L{ab) = L{a) b , R{ab) = a R{b) . (2.15) 
Cm,n = V^R'^ic) , c := co,o • (2.16) 



The free WNA algebra A^eeif) over TZ is then defined as the algebra ^free augmented with an element /, 
such that 

ff = c, fa = L{a), af = R{a). (2.17) 

It is easily seen that / Afi.cc(/)', thus Afj.ee(/)' = -4,free> and / generates Afree(/)- Any other WNA 
algebra A(/') over TZ, with a single generator, is the homomorphic image of AfreeC/) by the map given by 
f^f and Cm,n ^ Lf,R'},{f^) (cf. proposition ITB. 

In Afree we have 

/i„+i = L"(c), e„+i = i?"(c) n = 0,l,.... (2.18) 

Proposition 2.3 For n = 0, 1, 2, . . ., the number of linearly independent monomials in Afi.cc(/), which are 
homogeneous of degree n + 2 in f, is 2". 

Proof: The number of monomials Cr,s = L^j:Rj{f^), r,s > 0, with fixed r + s is k := r + s + I. 
Any monomial in Afi.ce(/)' = ^free containing n + 2 /'s can be written in a unique way as a product 

Cri,si • • • Cr,+i,sj+i whcrc n + 2 = (ri + Si + 2) H h (r^+i + Sj+i + 2) with some j G {0, 1, . . . , [n/2j } 

(where [n/2j is the largest integer < n/2). For fixed j, the number of independent monomials is 



fciH hfcj+i=n+l-j 

This combinatorial identity is obtained from 



27 + 1 / ■'^ V m 

m>0 ^ / m>0 ^ 



m>0 fci+...+fcj+i=m+j+l 

where the last equality used (1 — = X]fc>i kt^~^, which in turn results from (1 — t)~^ = '}2jk>o 
differentiation. Our assertion now follows from 

□ 
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3 A sequence of products 

Let A be any (nonassociative) algebra and / G A. Then a sequence of products o^, n = 1, 2, . . ., in A is 
determined by aoib := ab and 

aon+ib := a{f o^b) - {af) Onb n = l,2,.... (3.1) 

These products provide us with a certain measure of nonassociativity at different levels. For example, 

a 02 b = a{fb)-{af)b = -{a,f,b), (3.2) 
ao,b = a{f{fh))-a{fb)-{af){fh) + {{af)f)b 

= -a{fj,b) + {afj,b) (3.3) 

If / G A', then a o„ 6 = for n > 1. Hence we should take / G A \ A' in the following. For a, 6 G A, let 
us set 

Li'") {b):=ao^b, d^'^ (a) := a 6 . (3.4) 

Moreover, we introduce 

e(„„...,n.) := Rf^~^ ■ ■ ■ Rf'\f) , Vi,...,n,.) ■.= Lf^---Lf\f), (3.5) 

for r, 77-1 = 1,2, Note that 

e{n) = h(n) = Pn , e(in) := 6(1^1^. ..^i) = = 6^ , /i(in) = /i„ n = l,2, (3.6) 
where 

Pn-=f°nf n = 1,2,. . . . (3.7) 

Example. In Afree(/) (see section ITTT i. we have pi = c, and 

P2 = L{c) - Ric) , P3 = L\c) - LR{c) + R\c) - , 

P4 = L^{c) - L^R{c) + LR^{c) - R^{c) + c {R{c) - L{c)) + (i?(c) - L(c)) c . (3.8) 

□ 

In the following we derive some properties of the new products in the case where A is a WNA algebra. In 
particular, it turns out that the products o„ then only depend on the equivalence class [/] G A/A' determined 

by /. 

Proposition 3.1 Let Abe a WNA algebra. For all m,n G N, and all a, c £ A, 

{a Onb)o^c = a On (b c) ;/ 6 G A' , (3.9) 
which can also be expressed as 

[4"),4'")] = on A'. (3.10) 
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Proof: We first prove the case n = 1. Our assertion obviously liolds for m = 1. Assuming that it holds for 
m, the induction step is 

{ah) Om+i c = {ah){f o„ c) - [ahf) o^c = a{b{f c)) - a {{hf) o„ c) 
= a{h{f o„ c) - (6/) c) = a (6 o^+i c) 

for b € A'. Now we prove ( I3.9t by induction on n. The corresponding induction step is 

ao„+i(6o„c) = a (/ o„ (6o„ c)) - (a/) o„ (6o^ c) 

= a ((/ Oft ft) Om c) — ((a/) o„ 6) o^^ c by induction hypothesis 
= {a{f Onb)) OmC- {{af) Onb) o^c since/o„6GA' 

= (o o„+i 6) Ojn c) . 

□ 

Lemma 3.2 Le? Abe a WNA algebra. For all n € N, 

a o„+i 6 = a o„ (/5) - (a o„ /) 6 . (3.11) 

Proof: By definition this holds for n = 1 and it is easily verified for n = 2. Let us assume that it holds for 
n + 1. Then we have 

a On+2 b = a{f o„+i b) - (af) o^+i b 

= a (/ On ifb)) - a (/ o„ /) 6 - (af) o„ {fb) + {{af) o„ f)b 

by use of the induction hypothesis and / o„ / G A'. Combining the first term with the third and the second 
with the fourth, we obtain 

a On+2 b = a o^+i {fb) - {a o„+i /) b . 

□ 

More generally, we have the following result. 
Proposition 3.3 Let Abe a WNA algebra. For all m,n E N, 

a °m (/ °n b) - {aomf)°nb = a o^+„ b , (3.12) 
which can also be expressed as 

[L^r\Rt\f) = 4™+"^(fe) = • (3-13) 

Proof: By definition this holds for m = 1 and all n. Let us assume that it holds for m (and all n). Using 



(EHJ and (|321), we find 

a Om+l (/ °n b) - {a Om+l f) o„ h 

= aom {f{f °n b)) - {a o„ /)(/ o„ b) - {a o„ f"^) o„ 6 + {{a o„ /)/) o„ b 
= a°m {f{f On b)) - {a f){f o„ 6) - a (/2 o„ b) + {{a /)/) o„ 6 . 

Grouping the first with the third term and the second with the fourth, we obtain 

a Om+l (/ °n b) - {a Om+l f) Onb = aom (/ o„+i b) - {a Om f) o„+i b 
which, by use of the induction hypothesis, proves our assertion. □ 



Proposition 3.4 Let K be a WNA algebra. Then the products o„ only depend on the equivalence class 
[/] G A/A'. 

Proof: For all b ^ A^we have 

a ((/ + b) On c) - (a(/ + 6)) o„ c = a o,„+i c + a (6 o„ c) - (ab) o„ c = a o„+i c 
by use of proposition 13. II □ 
Lemma 3.5 Let Abe a WNA algebra. Then the following relations hold. 

f °k e(^ni,...,nr) = '^{k,ni,...,nr) + '^{k+ni,n2,...,nr) ^ (3-14) 
^{ni,...,nr) °k ^(mi,...,ms) ~ ^{ni,...,nr,k,mi,...,ms) ~^ ^{ni,...,nr,k+mi,...,ms) ■ (3.15) 

Proof: The first relation is obtained as follows, 

= nf^ ■ ■ ■ Rf'\Rf'hf\f) + Rf^'''\f)) 

— C(fc,ni,...,nr) ~^ ^{k+ni,n2,...,nr) ) 



where we applied (I3.10t and (I3.13t . Furthermore, using (I3.12t . we have 

<i{ni,...,nr) °k if °m f) = {e(^ni,...,nr) °k f) °m f + e(^ni,...,nr) °k+m f 

^(ni,...,nr,k,m) ~l~ ^{n-i,...,nr,k+in) ; 

and then also 

d(™2) r r\ 

e{n-L,...,nr) °k e(mi,...,ms) — ^{ni,...,nr) °k -tij- ' " [J °mi J ) 

— rtj ' ' ' \'=-(ni,...,nr,k,rni) ~r '^{ni,...,nr,k+mi)J 

^{n-i,...,nr,k,mi,...,ms) ~^ ^(ni,...,nr,k+m-i,m2,...,ins) ' 

by use of (|3Hl. □ 
Proposition 3.6 A WNA algebra A(f) is spanned by f and e(„^^ where r,ni, . . . ,nr = 1,2,.... 



Proof: According to proposition (I2.lt . the preceding lemma, and e(^ni,...,nr) °k f = e{ni,...,nr,k) (which 

' n T>m 



holds by definition), it is sufficient to show that elements of the form L^R'^{f'^) can be expressed as linear 



combinations of elements e(fc^ fc,,). But this follows from 



and iterated application of (I3.14t . □ 

Obviously, e(fc^ is homogeneous in / of degree ki + ■ ■ ■ + kr + 1. The number of monomials 
^{ki,...,kr) Afi.ee(/), which are homogeneous in / of degree n + 2 is therefore equal to the number of 
compositions (/ci, . . . , kr) of n + 1, which is 2", in accordance with proposition 12.31 The last lemma and 
proposition can also be formulated in terms of the elements /i(ni,...,n^), of course. 



9 



4 Derivations of WNA algebras 

In this section we construct a sequence of commuting derivations for special WNA algebras. First we note 
a general property of derivations of WNA algebras. 

Proposition 4.1 Any derivation 6 of a WNA algebra A with the property 6{A) C A' is also a derivation 
with respect to any of the products o„, n G N. 

Proof: By induction. The induction step can be formulated as follows, 

5{a o„+i b) = 6 (a (/ o„ b) - (af) o„ b) 

= S{a) if o„ 6) + a {6{f) o„ 6) + a (/ o„ 6{b)) 

-{6{a) /) o„ 6 - (a 6{f)) o^b-{a f) o„ 6{b) 
= S{a) if o„ 5) + a (/ o„, 5{b)) - (5(a) /) o„ b - (af) o„ <5(6) 
= 5{a) On+i b + a On+i 6ib) , 

where we used ( I3.9t . □ 

We call a subalgebra A(/) of a nonassociative WNA algebra A 6-compatible, if it admits derivations 5„, 
n = 1, 2, . . ., such that 

'^nC/) ■=Pn = fOnf n = 1, 2, . . . . (4.1) 

For n = 1,2,3, the definition (14.11) reproduces (II. II) . (I1.2t with = K2 = 1> and (ll.7t . respectively. 
Clearly, Afree(/) is (5-compatible. If I is a two-sided ideal in Afree(/), which is invariant under the action of 
the derivations (5„, i.e., 5„(T) C I, n = 1, 2, . . ., then Afj-eel/) is also (5-compatible, since the derivations 
of Afrccl/) project to derivations of Afrcc(/)/2^- 

Example. Let 2 be the two-sided ideal in Afi-eeC/) generated by a subset of the elements pn, n = 1,2,.... 
As a consequence of the next proposition, Sm{Pk) = ^kiPm) = Pk °m f + f °m Pk^ that 2 is invariant 
and Afrcel/) /2 is 5-compatible. Of course, if pk € 2, then 6k = on Afj-cdf) /2. □ 

In the following we assume that A(/) is a (5-compatible WNA algebra. 
Proposition 4.2 The derivations 6n, n = 1, 2, . . ., commute with each other on A{f). 
Proof: Proposition (13. 3t implies 

f OmPn-Pm On f = Pm+n = f °n Pm - Pn O-m f ■ (4.2) 

Hence 

'5m<5„(/) = 6miPn) = ^mif °n f) = ^mif) °n f + f °n ^niif) 
= Pm°n f + f °nPm = Pn°m f + f °mPn 
= ^nif)Omf + fOm6nif) = 6n{Pm) 
= '5n(5m(/) ■ 

□ 

Next we determine the action of the derivations on the monomials e(^j ^^,) defined in (13.51) . 
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Lemma 4.3 



[6n,R^P^]=RfR^P^ +R^;^"''^ on A(/). (4.3) 



Proof: For a E A(/), we have 

i?^"'^](a) = a (/ o„ /) = (a o„ /) o„ / + a 0^+^ / . 



by use of (I3.12t . □ 
Proposition 4.4 

r-l 

'^n(^{mi,...,mr)) ~ / °n C(mi,...,mr) "I" ^ ^ ^(mi,...,m(;) '-'n 6{mj.+i,...,m,r) ~l~ ^(mi,...,mr) °" / • (4-4) 

fc=l 

Proof: We use induction on r. For r = 1, we have 

5n(e(mi)) = (^nbmi) = (^mi (/ 0„ /) = °n f + f °n (5»ni(/)) = 0„ / + / 0„ e(m^) , 

where the second step made use of proposition 14.21 Let us assume that the formula holds for some r > 1. 
With the help of the preceding lemma, we find 

^n{s{mi,...,mr+i)) ~ ^nRf (^(mi ,...,?n,.) ) 

~ ^(mi,...,mr+i) °n f ~\~ ^{mi,...,mr+i+n) ~^ R^f ~^ "^n (^{mi ,...,nir) ) • 



Using the induction hypothesis and ( 13. 9t . the last term can be expressed as follows, 

r-l 

Rf ^ ^n{^{mi,...,mr)) = / °n C(mi,...,mr+i) + ^(mi,...,mk) °n &(mk+i, 

k=l 

"l~(^{mi,...,m,,.) °n. /) °m,,.+ i / • 



Now we have to use (I3.12t to see that our assertion holds for r + 1. □ 

5 KP identities 

In this section we consider a 5-compatible subalgebra A(/) of a WNA algebra A. We derive identities for 
the elements • • • Sn^if) and establish a correspondence with equations of the potential KP hierarchy. 

Lemma 5.1 

n-l 

Pn = K -'^Pkhn-k-1 (5.1) 
k=l 

n-l 

Pn = (-ir+^e„- J](-ir-'=e„_fc_iPfe. (5.2) 

k=l 
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Proof: With the help of proposition |^J we obtain 

n— 1 n— 1 



= ( / Pfc (/ hn-k-l) - f Ofc+1 hn-k- 

k=l 
n-1 

Ofe hn-k — f Ofc+1 Ki-k-l) = f °1 hn-l — f °n ho = hn — Pn 



k=l k=l 
n-1 



k=l 

The second formula is proved in a similar way, using e„+i / + e„ o„_,_i f = en Pm- O 
Lemma 5.2 



n 

n ' 

fe=l k=l 



hn = ^h{K-k)^ nen = ^{-lf^^5k{en-k) n = l,2,.... (5.3) 



Proof: For n = 1 this follows from the definitions. Let us assume that it holds forn — 1. Using the derivation 
rule and the definitions, we find 

Pkhn-k-l = ^k{hn-k) — /^fc(^n-fc-l) • 

With its help and by use of (I5.lt . we obtain 

71—1 n n—1 

hn-Pn = '^Pkhn-k-1 = '^h{hn-k) - Sn{ho) - f^5k{hn-l-k) 
k=l k=l k=l 

and, using the induction hypothesis, 

n 
k=l 

so that 



nhn = '^6kihn-k) ■ 
k=l 

The second formula is proved analogously. □ 
Theorem 5.3 

hn = Xnimi , en = (-l)"Xn(-.5)(/) (5.4) 

where Xn cif^ the elementary Schur polynomials defined by 

exp(^ A'^ tk) = Xniti,t2, . . .) A" (5.5) 

fe>l n>0 

with independent variables t^, k = 1,2, an indeterminate X, and 

6 := {61,62/2,63/3,...) . (5.6) 
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Proof: In terms of the formal power series 

/i(A) :=^A"7i,, e(A) := J^A^e,, 5a := ^ A"-i<5„ , 



equations (I5.3t read 



Integration leads to 



n>0 ?i>0 n>l 



h{X) = exp [ ^5 J / , e(A) = exp ( - J] ) / 

\n>l J \ n>l J 

where the constant of integration is fixed by h{0) = f = e(0). Our assertions are now verified by compari- 
son with the generating formula (I5.5t for the elementary Schur polynomials. □ 

Introducing the abbreviations 

Hn := XniS) , En := {-irxn{-6) , (5.7) 

where Hq = id = Eq, theorem l531 states that 

K = Hn{f) , en = EM) . (5.8) 

All Hn, En mutually commute as a consequence of proposition 14.21 From (15. 8t and the definition of hn and 
e„, we obtain 

Hn+l{f) = fHn{f) , En+l{f) = En{f) f • (5.9) 

Since, according to propositions 14. 1 1 and 14. 21 the (5„ are commuting derivations of A(/) with respect to 
all the products introduced in section |3l the formal power series 

H{X) := = I 5^ I , (5.10) 

n>0 \n>l ^ I 



n>0 \ n>l 



E{X) := ^A"£;„ = exp(-^^^5„) , (5.11) 



are homomorphisms of all these products. Here TZ has to be extended to the ring 7^ [[A]] of formal power 
series in A. Note that 

^(-A)i7(A) =id. (5.12) 
Proposition 5.4 For n = 0, 1, 2, . . ., m = 1, 2, . . ., and for all a,h ^ ^{f), 

n 

Hn{a Omb) = ^ Hk{a) o„ Hn-k{h) (5.13) 
fc=o 

n 

En{a 6) = ^ Ek{a) o„ En-k{b) ■ (5.14) 
Thus {Hn}^=Q and {En}^=Q are Hasse-Schmidt derivations [16, 17]. 
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Proof: This follows by expansion of 

H{\) (a o„ h) = H{\) (a) o„ H{\) (b) , E{X) (a o„, b) = E{X) (a) o„ ^(A) (6) 
in powers of A. □ 
Theorem 5.5 

-5i((F+(Ai)-//+(A2))(/)) = (^-^ + (i/+(Ai)-i/+(A2))(/)) //+(Ai)if+(A2)(/) 

+ [i7+(Ai)(/),i7+(A2)(/)] . (5.15) 

w/ifre H+{X) := H{X) - Hq. 

Proof: The first of equations (I5.9t can be written as 

H{X)if) = f + XfH{X)if). 
In terms of H^{X), this takes the form 

= \H^{X){f) - f -fH+{X){f) = \H+{X){f) - 6,{f) -fH+{X){f) 

where we used Si{f) = Replacing A by Ai, and acting with H^{X2) on this equation, we obtain 

^i7+(A2)i/+(Ai)(/) -//+(A2)(<5i(/)) 
= H+{X2){f) //+(A2)//+(Ai)(/) + H+{X2){f) ^+(Ai)(/) + / i7+(A2) ^+(Ai)(/) . 

Antisymmetrization in Ai, A2, eliminates terms involving a 'bare' / (i.e., without a (5„ acting on it) and leads 
to (I5l5l. □ 



Expanding (I5.15t in powers of Ai, A2, yields, for m, n = 1, 2, . . ., 

m n 

HmHn+l{f) — HnHm+l{f) = ^ -f^A; (/) -f^m-fc-f^n (/) — Hk{f) Hn-kHn{f) ■ (5.16) 

ik=l k=l 

Corollary 5.6 

3 

E ^^ifc (V' - H+{Xk){f)) H{Xk) H+{Xi){f) = , (5.17) 

i,j,k=l 

where Eijk is totally antisymmetric with £123 = 1. 



Proof: This follows by adding (I5.15t three times with cyclically permuted indeterminates Ai, A2, A3. Alter- 
natively, we can start from 



^ e,,kH{Xk)[Xr\H{X,){f)-f)-fH{X,){f))=0 

i,j,k=l 

which is a trivial consequence of (I5.9t (in the form of the first equation in the proof of theorem l53l . This is 



easily shown to be equivalent to (I5.17t . □ 
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It is important to note that all factors appearing in dS.lSt and (I5.17t lie in the associative subalgebra 
A(/)'. The first non-trivial identity which results from expanding these functional equations in powers of 
the indeterminates, is (ll.St . which has the form of the potential KP equation. In fact, if we replace 6 by 

d:={dt„dtj2,dt,/3,...) (5.18) 

with partial derivatives dt„ with respect to independent variables t„, n = 1,2,..., then equation (I5.17t 
becomes a generating formula for the potential KP hierarchy as derived in [18, 19] (see also section ItTT i. 
This proves an assertion formulated in the introduction. Of course, only with the choice Afj-ceif) we obtain 
the full set of KP hierarchy equations in this way. Other choices for the (5-compatible WNA algebra lead to 
reductions of the KP hierarchy. The KP hierarchy makes its appearance in many areas of mathematics (in 
particular differential and algebraic geometry) and physics (from hydrodynamics to string theory), and the 
above result further adds to its ubiquitousness. 

There are, of course, analogs of (I5.15t and (I5.17t formulated in terms of E{X) instead of H{X). The 
analog of (I5.16t is 

m n 
EmEn+l{f) - EnEm+l{f) = Em-kEn{f) Ek{f) - En-kEm{f) Ek{f) (5.19) 

fe=l k=l 

for m, n = 1, 2, . . .. The KP hierarchy in this form appeared in [20], for example. 

6 Quasi-symmetric functions and KP identities 

Some results in the preceding section should remind us of formulae for symmetric functions. In this section 
we construct a WNA algebra that contains an element / which generates the algebra of quasi-symmetric 
functions (see [21-24], for example). The main result of section|5lcan then be applied: the 'KP identities' 
given by theorem l53] (or corollarv l5.6t determine corresponding identities in the algebra of quasi-symmetric 
functions. 

Let A = Z[[xi, X2, . . .]] be the ring (algebra over 7^ = Z) of formal power series in a set of commuting 
indeterminates x„, n = 1, 2, . . ., with product denoted by concatenation (which should not be confused with 
our previous notation for the product in a WNA algebra, for which we will only use below). A monomial 
a in ^ is of the form a = xi^ ■ ■ ■ Xi^, and we set 

m(a) := min{ii, . . . , , M(a) := maxjii, ...,«,.} . (6.1) 

Another product in A is then given by 

aoih:=ab ^ Xi if M(a) < m(6) , (6.2) 

M{a)<i<m{h) 

and a 6 = if M{a) > m{h), where a, h are any monomials. Then {A, oi) is an associative algebra. 
Next we augment {A, oi) with an element / and extend the product as follows, 

f°if'-=^^Xi, foia:=a Xi, a oi / := a ^ . (6.3) 

i i<m(a) M(a}<i 

This determines a WNA algebra (A, o^^). Obviously, we have 

— ^ ^ ^ii ' ' ' ■^in ) — ^ ^ ^ii ' ' ' -^in i (6.4) 

il<---<in ii<---<in 

which are, respectively, the elementary and complete symmetric functions [25]. 
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Proposition 6.1 For k,m,n = 1,2, . . ., we have 

Pk = fokf = Y.x'y, (6.5) 

i 

f Oka = a ^ Xi , (6.6) 

i<m{a) 

aokf = a (6.7) 

M{a)<i 

aokb = ah ^ if M{a) < m{h) , (6.8) 

M{a)<i<m.{b) 

and a 6 = if M{a) > m[h). 

Proof: By definition these relations hold for k = 1. Let us assume that they hold for k. Then 

/Ofc+l/ = f °l{f °k f) - {f °1 f)°k f = °lXi -J2^i°k f 

i i 

i<j i<j i 

shows that ( 16. 5t holds for /c + 1. The other relations are proved in a similar way. □ 
Recalling the definitions (I3.5t . we obtain 

21<---<V 21<---<V 

These sets of functions span the space of quasi-symmetric functions. Thus we arrive at the conclusion that 
the whole set of quasi-symmetric functions is generated by / with the product o^. In particular, the space of 
quasi-symmetric functions is closed under the product o^. Since the expressions for the elements e(„j 
are linearly independent, A(/) is in fact freely generated by / (and thus isomorphic to A{^cc{f))- As a 
consequence, the construction of commuting derivations in sectionj^and the results in section |5l apply in the 
case under consideration. 

Proposition 6.2 For n = 1,2, . . ., we have 

6n{a)=pna Va€A(/)'. (6.10) 

Proof: Since a £ A(/)', so that a is a quasi-symmetric function, it is sufficient to consider the case a = 
e(mi,...,mr)- The shuffle relation 

Pne{nii,...,nir) = ( ^* ) ( ^ii^ " ' ^ij 

i i\<-<ir 

— \ mi _ ^ ^ rrir , \ " mi n m-j _ _ _ mr , . . 

~ i il ir ~'~ n « «2 «r ~'~ 

i<il<--<ir ii<i<i2<---<ir 
ii<---<ir<i 

can be expressed, with the help of (I6.6t - (l6.8t . as follows, 

r-l 

Pn C(nii,...,mr) / °n ^{mi,...,mr) ~^ ^ ^ ^{mi,...,mf;) °n 6{mj.+i,...,mr) ~^ ^{mi,...,mr) '''n f ; 

k=l 
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which, by use of proposition 14.41 is 

'^n(c(mx,...,mr)) Pra ^(rrii ,...,mr) • 

□ 

With the help of the last proposition and = p„, the 'KP identity' dl.St leads to 

ill i<j1^k i 

+6 [xjxjXk — XiXjxf.) = . (6.11) 

i<j<k 

This is the first of the infinite sequence of 'KP identities' in the algebra of quasi-symmetric functions, 
obtained from theorem 1531 (or corollary 15. 6t . 

Let Un, n = 1, 2, . . ., be a second set of commuting indeterminates, which commute with the members 
of the first set, and let A denote the ring Z[[xi, X2, . . . ,yi,y2, ■ ■ ■]]■ A monomial a in is now of the form 
a = • • • Xi^ • • • Uj^, and we set 

m(a) := min{n, . . . , ■ ■ ■ Js} , M{a) := max{ii, . . . , v,Ji, ■■■,js} ■ (6.12) 

The above products o;,. A: = 1, 2, . . ., then generalize as follows, 

fokf = ^{x'i-y^), (6.13) 



i<m{a) i<m{a) 

aokf = a( xf- Yl y')' (6.15) 



M(a)<i M{a)<i 

a o^h = ah Y 4- Y y'i) M{a)<m{h), (6.16) 

M(a)<i<m(b) M{a)<i<m(h) 

and a o;,. 6 = if M{a) > m{b), where a, b are any monomials in A. This yields again a WNA algebra 
A (over Z). From A(/) one obtains a 'supersymmetric' [26] (or 'bisymmetric' [27]) version of quasi- 
symmetric functions. As a consequence of the new rules, (16.51) is replaced by 

Pn^/o„/ = ^(xr-yr)- (6.17) 

i 

Proposition 16. 21 also holds in this case. Together with 6n{f) = Pn, this turns (I5.15t (or (I5.17t ) into 'super- 
symmetric KP identities'. Such identitities in particular arise from a formal power series ansatz to solve the 
potential KP hierarchy [28-32]. 

7 A nonassociative hierarchy 

Let A be a WNA algebra over the ring C°° of real or complex smooth functions of independent variables 
t = {ti,t2, . . .)■ The equations 

dtAf) = f°nf n = l,2,... (7.1) 
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then constitute a 'nonassociative hierarchy' according to the following proposition. We shall assume that 
/ A', since otherwise (I7.lt would reduce to a single equation. In the case of Afree(/), the equations 
(17.11) are all independent. Depending on the choice of A, there will be relations among them, in general. In 
the following, K stands for M or C, and A(/, IK) denotes the WNA algebra generated in A by / G A with 
coefficients in IK. 



Proposition 7.1 

(1) The flows 117. li commute. 

(2) For any solution f of M.ll . 6ni f) '■= f °n f determines derivations 6n o/A(/, IK). Hence 

dt^=5n o«A(/,IK) n = 1,2,... . (7.2) 

Proof: Since (17.11) implies /t„ := dt„{f) G A', it follows that the flow derivatives dt^ act as derivations of 
the products o„ in A(/). The proof is analogous to that of proposition 14. II The commutativity of the flows 
can now be checked directly as follows, 

(/tm)tn = if °m f)tn = ftn °m f + f Om ftr, = if °n f) Om f + f °m if On f) 
= f °n if °m f) - f Om+n f + {f °m f) °n f + f Om+n f 
= if °m f) On f + f On if Om f) = iftjt^ , 

by use of proposition |^] 

Since dt„ extends as a derivation to A(/, K) (where the coefficients of monomials in / are independent 
of t), (17.11) guarantees the consistency of extending Sn{f) := / o„ / to A(/, IK) by requiring the derivation 
property. □ 

The following proposition provides us with a formal solution of the initial value problem for (I7.lt . at 
least for a subclass of WNA algebras. 

Proposition 7.2 Let Abe a WNA algebra over IK[[t]], /o € A \ A' constant and generating a 5-compatible 
subalgebra A{fQ,K.). Then 

f:=S{fo) with S:=e^p(j2tnSn) (7.3) 

n>l 

(where the 6n are deflned in terms of Jq) satisfies the nonassociative hierarchy ( 17.71) . 

Proof: Since the 5„ are commuting derivations with respect to all the products o„, m = 1, 2, . . ., the linear 
operator S" on A(/o, IK) is an automorphism with respect to all these products (which are defined via (I3.lt 
in terms of /o). Hence 

dtM) = dt^Sifo) = Si6nifo)) = Sifo On /o) = Sifo) On 5(/o) = / o„ / . 

Since dnif) G A(/o)', we have / - /o G A(/o)', and thus [/] = [/o] G A(/o)/A(/o)'. Recalling propo- 
si tion 13.41 the product o„ is equivalently defined in terms of /. This proves our assertion. Note that since 
S{6n{fo)) = Sn{S{fo)) = Snif), the derivation Sn defined via (I4.lt in terms of /o actually coincides with 
6n defined in terms of /. □ 

Remark. If / G A \ A' solves (17. It . then A(/, K) is 5-compatible according to proposition 17.11 If t' is 
another set of variables, and S' the expression for S with t replaced by t', then by use of (17. 2t we have 
(5'(/))(t) = /(t + t'). □ 



18 



For any v G A\A' with [u] = [/o], the solution given by proposition I7.2l has the property 

f = v-(f) with (/) G A' . (7.4) 

Inserting such a decomposition in (I7.lt . and assuming that v is constant, turns the nonassociative hierarchy 
into 

(kt^ = V On 4> + (k °n ^ - (t> °n (t> - °n V n = 1,2, . . . . (7.5) 

Since the products o„ are constructed in terms of the constant element u, these equations are of Riccati 
type. If the constant term in (17.51) vanishes, they are of Bernoulli type (a simplifying restriction imposed in 
section[8ll. Note that (17. 5t is a set of ordinary differential equations in the associative algebra A'. According 
to proposition 12.21 we can formulate it in principle without any reference to a WNA algebra, 

cPt, = -g + L{cl)) + R{<i)) - (f" , (7.6) 

= -L{g)+R{g)+L\ct>)-R\(t^)+9(t>-<t^9-[<t>L{(t^)-L{4')^], (7.7) 
0t3 = -L\g) + LR{g)+L\<t))-L{g)^ + R{g)^-gL{<^)+^[L{g)-R{g)] 

+R\ct>) - R{ct>) g-^L\^) + ^g^ + R{cp) L{ct)) - R\(t>) ^ , (7.8) 

and so forth. Here (p and g are elements of an associative algebra A (= A'), g constant, and L, R commuting 
linear maps A —>■ A, which also commute with the partial derivatives dt„ and satisfy L{ab) = L{a)h, 
R{ab) = aR{b) for all a,b £ A. However, without reference to a WNA algebra structure, the building law 
underlying these equations is hard to detect. The combinatorics behind it is conveniently expressed in terms 
of a WNA algebra. 

Proposition 7.3 Any solution cf) of rt7.6l l-f [Z8t in an associative algebra A also solves the potential KP 
equation (with dependent variable in A). 

Proof: Use g, L, R to define a WNA algebra A with A' = A. Let us denote the augmenting element by u. 
It follows that f := V — (f) satisfies the first three equations of the nonassociative hierarchy (I7.lt . According 
to proposition 17.11 there exist derivations (5„, n = 1,2,3, of A(/, K), which have the properties stated in 
section m But we know already from the introduction, that these derivations satisfy an identity which via 
(I7.lt (for n = 1, 2, 3) shows that — / solves the potential KP equation. Since v is constant, and since the 
potential KP equation does not contain the dependent variable without derivatives acting on it, it follows 
that <j) solves it. □ 

In principle we can extend (I7.6t - (l7.8t by translating further equations of (17. 5t . Solutions of this extended 
system then yield solutions of the respective part of the potential KP hierarchy. But only when expressed in 
terms of a WNA structure the whole set of equations for </> takes a simple and compact form. In the following 
subsection it will indeed be proved that the whole potential KP hierarchy is a consequence of (17. 5t . The 
splitting off of a constant term in MAI is then quite natural from the point of view that the potential is 
obtained from the proper KP variable by integration with respect to ti. Thus v plays the role of a constant of 
integration. In another subsection we show that also the Burgers hierarchy results from the nonassociative 
hierarchy (I7.lt . by restriction to a certain subclass of WNA algebras. 

7.1 Relation with the KP hierarchy 

We will make use of the following notation, which can be traced back at least to [33]. For any object F 
depending smoothly ont = {ti,t2, ■ ■ 

F[,](t) := F(t + [A]) , F_[,](t) := F{t - [A]) , (7.9) 
where [A] := (A, AV2, A^/S, • • •)■ 
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Proposition 7.4 Let A be a WNA algebra over C°°, u £ A \ A' constant, and (p G A' a solution of the 
ordinary differential equations ( 17.51) . Then also solves the potential KP hierarchy, for which afunctional 
representation is given by [18, 19] 

3 

e^^k (A-i + c/>[A,] - <f) ('/'[A.] - '/')[,^] = . (7.10) 
Proof: Setting f := v — (f) satisfies the nonassociative hierarcliy (I7.lt . By use of (I7.2t . in A(/, K) we have 

Hn{f) = Xn{d){f) , Er^U) = (-1)" Xn{-~d){f) , 



and thus 



^(A)(/)=/[A], i?(A)(/)) =/_[_,] 



This turns the identity (I5.17t into (I7.10t . □ 

We have shown that the potential KP hierarchy is a consequence of the 'nonassociative hierarchy' (I7.lt . 
assuming the decomposition MAI . In particular, the (j) determined via (17. 4t by proposition l7.2l provides us 
with a (formal) solution of the potential KP hierarchy (see also section lOl . 



Remark. In the hmit A3 0, (I7.10t leads to 

('^[Aa] - '/'[Ai])^ = (K^ - + 0[A2] - (/"[Ai]) ('/'[Ai] + [A2] " <I^[X,] " (/"[Aa] + 0) 

-['/'[Ai] - 0,'A[A2] - (7-11) 

where x := ti. Alternatively, this is obtained from (I5.15t by use of (I7.lt and MAI . 0's without derivatives 
acting on them drop out of this formula (as obvious from its origin). Representing A' by a commutative 
algebra of functions, such that 4> ^ Tx/t with a function r, (17. lit becomes 

flog(Ar^-A,-i + ^-^)) =flog^[^ii±M^') , (7.12) 

and integration yields 

with a constant of integration C. Fixing the latter such that the terms with negative powers of Ai or A2 drop 
out in the formal series, the result is 

'^[Ai]'^[A2],x-T[Ai],a;T[A2] = (Ar^ - A2^)('^[Ai] + [A2]'^-'^[Ai]T[A2])> (7-14) 

which is known as the differential Fay identity [34-37]. It is equivalent to the whole KP hierarchy (with 
dependent variable in C°°) [37]. (17. lit should thus be regarded as a 'noncommutative' version of the differ- 
ential Fay identity. Expansion of (17. lit indeed yields to lowest nonvanishing order the 'noncommutative' 
potential KP equation 



-6 -- 



XXX ^ —Yx'^)x — 'I'Pyy + tM^v^ 4'x\ 1 (7.15) 



where y := t2 and t := (cf. [31], for example). □ 
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7.2 Relation with Burgers hierarchies 

If / solves the nonassociative hierarchy (I7.lt . so that (17.21) holds, then the identities (I5.9t in A(/, IC) lead to 

Xn+iid)f = fXn0)f n = 0,l,2,..., (7.16) 

and also 

X„+i(-a)/ = -(x„(-5)/)/ n = 0,l,2,.... (7.17) 
Assuming the decomposition (17. 4t with constant u, the n = equation reads 

= -z^2 + i/</) + 01/ - 0^ , (7.18) 
and the remaining equations form the hierarchies 

Xn+iid)(l) = ii^-cP)Xn0)cP n = l,2,..., (7.19) 

respectively 

Xn+i{-d)4> = {Xn{-d)(t>) {4>-iy) n = 1, 2, . . . . (7.20) 

Choosing the WNA algebra A such that ly a = 0, respectively au = 0, for all a G A', the two hierarchies 
take the form 

Xn+i{d)cl)=-(Pxn{d)(l) n=l,2,..., (7.21) 

respectively 

Xn+ii-d)(P = {xn{-d)cP)cP n = l,2,.... (7.22) 

These are the two versions of the Burgers hierarchy with dependent variable in a. noncommutative asso- 
ciative algebra. For n = 1, we have 

4>y + <t>xx = -2 (/"a; , (7.23) 

respectively 

4>y - (f>xx = (t>x (p , (7.24) 

which are indeed the 'left' and 'right' versions of the 'noncommutative' Burgers equation (see [38-41], for 



example). The sets of equations (I7.21t and (I7.22t can be expressed in the compact form 

(A-i + (t^)^ = (A-i + <P) {<p^^^ - 0) , (7.25) 

respectively 

(A-^ - 0). = (</._[A] - 0)(A-i - 0) . (7.26) 

Representing A' by a commutative algebra of functions, such that (f) i— > r^/r with a function r, these 
equations can be integrated. Choosing the integration constant in such a way that the terms with negative 
powers of A drop out of the formal series, we obtain the linear functional equations = A^^(t[;^] — r), 
respectively Tx = A~^(r — t_[;^]). 
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8 From solutions of the nonassociative hierarchy to solutions of KP hierar- 
chies 

At least for a restricted class of WNA algebras we can achieve a much simpler form of the whole nonas- 
sociative hierarchy. The trick is to introduce an 'auxiliary product' in terms of which we can 'resolve' the 
products On in A' to a simple form. This is done in subsection l8.ll In the case where A' is a matrix algebra, it 
leads to solutions of matrix potential KP hierarchies in subsection 18.21 These in turn lead to solutions of the 
scalar potential KP hierarchy. In subsection l8.3l another route is taken. Starting from a free associative alge- 
bra, we construct a WNA algebra to which proposition l7.2l can be applied. This leads to a kind of 'universal 
solution' of the nonassociative hierarchy from which the matrix KP hierarchy solutions of subsection 18.21 
are recovered by homomorphisms from A' to the corresponding matrix algebra. 

8.1 Simplifying the nonassociative hierarchy 

Let {A, o) be any associative algebra over C°° (which is the ring of real or complex functions ofti,t2,.. .), 
and L, R commuting linear maps such that L(a o b) = L{a) o b and R{a o b) = a o R[b) for all a,b £ A. 
The notation La := L{a) and aR := R{a), used in the following, shall remind us of these properties. A 
new associative product in ^ is then given by 

aoib:= {aR)ob-ao{Lb) . (8.1) 

Augmenting {A, oi) with an element u such that 

v oi v := , 1/ o^a := La , aoi i/ := —aR , (8.2) 

we obtain a WNA algebra (A, o^) with the property A' = A. Restricted to A', we have Ly = L and 
Ry = —R. For the products (I3.lt . defined with v, one easily proves by induction that 

jyo„zy = 0, z/o„a = L^a , a o„ i/ = —aR"' , 

n~l 

a o„ 6 = ^^^(-l)'' {Rta) oi L^'^'^b = {aR"") o 6 - a o (8.3) 

A;=0 

for all a,b £ A. Note that in the last equation we have a telescoping sum as a consequence of (I8.lt . The 
complicated formula for ao„6 in (A, oi) is thus drastically simplified when expressed in terms of the product 
o. As a consequence, (17. 5t can be written as 

= - (/.i?" + o - (^i?" o n = 1, 2, . . . . (8.4) 

According to our general results, any solution of this system is a solution of the potential KP hierarchy in 

(Aoi). 

Remark. If we generalize the first equation of (18. 2t to := g with some g £ A, the resulting 

expressions for o„-products are much more complicated. In particular, we obtain 

u 02 f = Lg + gR , u 02 a = L^a — (gR) o a + g o (La) , 

a 02 ly = (aR) o g — ao [Lg) — aR^ , a 02 5 = (aR^) o 6 — a o (L^b) , (8.5) 

and 

= L'^g + LgR + gR^ +go (Lg) - (gR) o g , 
03 a = L^a + g o {L^a) + {Lg) o {La) — {LgR) o a — {gR?) o a , 
a 03 = -aR^ + {aR^) og + {aR) o {gR) - ao {LgR) - ao {L^g) , 

a 03 5 = {aR^) ob-ao {L^b) - {aR) o {{gR) 06-50 {Lb)) + a o L{{gR) ob-go {Lb)) , (8.6) 
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for all a,b ^ A. The first two equations of (I7.5I) tlien read 



= -g + L<p-^R-{4>R)o(j) + (Po{L(t>), (8.7) 
(j)t2 = -Lg-gR + L^^-{gR)Q(p + go{L(t)) 

+ {^R) og-<j)o [Lg) - (j)R^ - {^R^) o<j) + (j)o {L^(j)) , (8.8) 

and by use of (18. 6t tlie tliird equation already results in a ratlier lengthy expression. If we can solve these 
ordinary differential equations, then a solution (j) also solves the potential KP equation in {A, oi). For g ^ 0, 
these Riccati-type equations are difficult to solve, however. □ 

8.2 Solutions of matrix potential KP hierarchies 

In the framework of section lOl let A = A4{M, N), the algebra of M x A'^ matrices with the product 

AoA':=AKA' ^A, A' € M{M, N) , (8.9) 

where is a fixed N x M matrix (and concatenation means the ordinary matrix product). Furthermore, for 
the linear maps L,Rwe choose the multiplication operators by an M x M matrix L, and an x matrix 
R (using the same symbols, for simplicity). Now the Bernoulli-type equations (18. 4t can be easily solved. In 
terms of 4> '■= e~^^^^ ^e^(^\ where 

:=5]t„L", := (8.10) 

n>l n>l 

it takes the form 4>t„ = <P {e~^^^^ K e^^^^)t„4>^ which is solved by (p = (Im — B)~^C (provided the inverse 
exists) with a constant matrix C G M.{M, N), the M x M unit matrix Im, and 



B := C e-^^^^ K e^^^K (8.11) 



This leads to 



(/, = e«(^)(/M-5)"^Ce-«(-^), (8.12) 

which can also be expressed as 

^ = (/^ - = - 0(1) K)-' 0(1) , 0(1) := e5(^) C7e-«(«) . (8.13) 

From the general theory, we know that solves the potential KP hierarchy in {A4{M, N), o^), where 
the product is now given by 

Ao^A' = A{RK-KL)A'. (8.14) 

In the following, we show how to obtain solutions of the scalar potential KP hierarchy from the above 
solutions of a matrix potential KP hierarchy (which is in the spirit of the 'operator approach' to solutions of 
soliton equations [42,43]). Let us choose the matrices K, L, R such that 

RK - KL = vu^ , (8.15) 

with nonvanishing v E K^, u G K^^, and denotes the transpose of u. Then we have 

Ao^ A' = Avu^A' , (8.16) 
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and the linear map : M{M, N) ^ C°°, defined by 

-^{A) :=u^ Av, 

is an algebra homomorphism, i.e. 

^{A oi A') = u^ Avu^ A'v = ^{A) ^{A') 



(8.17) 



(8.18) 



As a consequence, if solves the potential KP hierarchy in {A4{M, N),oi), then ^(0) solves the scalar 
potential KP hierarchy. 



Remark. Equation (I8.15t amounts to iank{RK — KL) = 1, a condition which also appeared in [43] within 
an analysis of the KP equation, more generally for operators on a Banach space (see also [44,45]). Let v 
be an eigenvector of R to an eigenvalue n, and K = vvF with any vector u ^ Q. Then RK — KL = 
V {kv?- — {L'^uY') is of rank 1 unless the right hand side vanishes. To avoid this, it is sufficient to have any 
li 7^ which is not an eigenvector of to the eigenvalue k. Thus we have to exclude the case L = k Im- 
It follows that rank{RK — KL) = 1 always has a solution except when R = kIn and L = k Im with 
K e IfC. Note, however, that the most interesting solutions are those for which K has maximal rank. □ 

For the solution obtained above, we find 



with X := ti and 



/ gC(L) (j^^ -B)-^C e-«(«) V = tr(e«(^) {h, - B)'' C e-««) v u^) 



u 

tr((/M - By^Ce-^'^^^ {RK - KL) e^^^^] 
tr(log(/M - B))^ = {logT)x , 



T := detihi - B) 



Mihi - B)-^ B,) 



(8.19) 



(8.20) 



Example 1. Setting M = N, L = diag(pi, . . . ,pn), R = diag(qi, . . . , qjsf) with entries mK,u = v with 



(1,1,..., 1), the relation (I8.15t leads to 



K 



(qi - Pi) ^ 



(8.21) 



assuming q, / pj for i,j = 1,. . . ,N. Choosing C = diag(ci, . . . ,cn), '^{(p) becomes the A^-soliton 
solution of the potential KP hierarchy. For example, with N = 2 and ci = (pi — qi)e°^^ , C2 = {p2 — 12)^°^'^ > 
where ai, 02 G IK, we obtain the tau function of a 2-soliton solution in the form (cf. [46], for example) 



- qi){p2-pi) 
(92 -pi)(p2 - qi) 

where rn := ai + - Hsii), i = 1,2, and ^{q) = Y.n>i 



(8.22) 



□ 



Example 2. For nilpotent matrices L, R, the function r is polynomial in the independent variables. Let us 
set 



L 



/ 1 \ 

10 

1 

V / 



R 





1 



(8.23) 



Then (I8.15t is satisfied by setting f-^ = (1, 1), u'^ = (0, 0, 1, 1), and 





K 



-1 



-1 -1 1 
-2 



(8.24) 



24 



Choosing furthermore 



C 



( 


1 + 2a 


2a 


\ 





—a 






/? 


a 




\ 










(8.25) 



with a, /3 G K, we obtain 



r = det(/ - B) = 1 + a[t2 - -t 



+ /? ( t2 + 



+ Q/3 



-^1*3 + *2 + Y2^1 



(8.26) 



which is indeed a special tau function of the KP hierarchy (see, for example, [47], p. 59). □ 

Remark. Since we obtained common solutions of all equations of the nonassociative hierarchy (I7.lt . setting 
the matrix L = 0, respectively the matrix i? = 0, they also solve the Burgers hierarchy (I7.21t . respectively 
M.221 . In particular, the KP multi-soliton solutions become with these restrictions also solutions of the 
Burgers hierarchies. □ 

Remark. Let y be an x P and [/ an M x P matrix such that RK — KL = V U'^ (which generalizes 
(I8.15t ). Then we can define 4' more generally as a map M.{M, N) ■M.{P, P), with the ordinary matrix 
product in M{P,P), by setting "^{A) := U'^AV for all A £ M{M,N). This yields indeed an algebra 
homomorphism since ^{A A') = {U'^A V){U'^A' V). As a consequence, ^{(j)) with the above solution 
(j) solves the P x P matrix potential KP hierarchy (with the ordinary matrix product). □ 



8.3 From a free algebra to solutions of KP hierarchies 

In this subsection we demonstrate in particular how the solutions of the matrix potential KP hierarchies 
obtained in the previous subsection can be obtained via application of proposition 17.21 We choose A = 
Aircc, the free associative algebra considered in section ITTl now taken over C°°. For the maps L, R we have 
(using the notation of section l8!Tl 

LCr^s — Cr+l,s , C^^sR — Cr,s+1 ; Cr^s = L cR . (8.27) 

Now o denotes the product in Af^ee (for which we previously used concatenation). Since (^free, °) is free, 
it is consistent to define derivations 5„, n = 1, 2, . . ., by 

'^n(Cr,s) • — L Cy^s Cr,sR — Cr-\-fi,s ^r^s+n (8.28) 

and the derivation rule. They satisfy 5n(cr,s) = L"^ <Jn(c) R^ and obviously commute. Setting 

5nH:=0, (8.29) 

the dn are also derivations of (A, o^) (which is constructed according to section ISTTl . and then with respect 
to all the products o^, m = 1, 2, . . . (cf. proposition l4.lt . 



Proposition 8.1 

m— 1 

X ( ,, „ „om, I „om „ ,, \ ^ ok „ o(m—k) /o if\\ 

On[c ) = VOnC +c o„i/-2_^c o„c^ ' (8.30) 

fe=l 



for m,n = 1,2,..., where c°" denotes the nth power of c using the product o. 
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m— 1 



Proof: Applying the derivation rule, we find 

m— 1 

5„(c°'") = c°'= o 5n{c) o c°("-'=-i) = ^ c"'^ o (L"c - cR 

k=0 k=0 
m—1 

_ ^ ^^ofc ^ jn^o{m-k) _ (^ffik+'i-) f^n^ g gO{m-fc-l) 
fc=0 

m—1 
k=l 

which by use of (I8.3t is equal to the right hand side of (18.30b . 



As a consequence of (I8.30t . the formal power series (in a parameter e) 



□ 



(8.31) 



n>l 



satisfies 



5n(/o) = /o o„ /o n = l,2,... (8.32) 

(which is (I4.lt with / replaced by /q). Here we made use of the fact that, according to proposition 13.41 the 
products o„ only depend on the equivalence class [/o] = [v] in A/ A'. 

In conclusion, the subalgebra A(/o) of A generated by /o is (5-compatible. According to proposition ^2] 
/ := 5(/o) then satisfies (I7.lt and (j) := v — f solves the KP hierarchy (cf. section ITTT i. 

Since, in the case under consideration, the operator S defined in (17.31) is also a homomorphism of the 
product o, we have 

</< = 5(0o) = J^e^W", (8-33) 

n>l 

where, by use of the definition of the derivations 5n, 

5(c) =e«(^)ce"«(^) . (8.34) 

We thus arrived at a solution of the potential KP hierarchy in {Airee, Since the product in ^free 
is given in terms of the product o of the free associative algebra, solutions in other associative algebras 
are obtained as follows. Let p be a homomorphism from (^free, °) to an associative algebra {A, •), and 
L,R : A^ A commuting mappings such that L{x • y) = {Lx) • y and {x • y)R = x • {yR) for all x,y ^ A. 
Then A can be supplied with the new associative product xoy := (xR) - y — x • (Ly) (cf. (I8.lt ). Moreover, 
if p has the properties p{La) = Lp{a) and p{aR) = p{a)R, then p satisfies 

p{aoih) = p{a)o p{b) . (8.35) 

The 'universal solution' given above determines a solution of the potential KP hierarchy in o). A 
class of examples is presented in the following, which makes contact with results obtained in the previous 
subsection. 

Let M.{M, N) be again the algebra of M x N matrices with the product 

A-A':= AKA' , (8.36) 
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where K is a fixed N x M matrix. Furtliermore, we ciioose an M x Af matrix L, an N x N matrix R, and 
a matrix C € A4{M, N). In terms of tliese matrices we define an algebra homomorpliism p : {Airee, °) 
{M{M,N),-) by 

p{cm,n) := L'^CR'' m, n = 0, 1, 2, . . . (8.37) 

and 

p{a ob) = p{a) • p{h) Va, h G Aree • (8.38) 

It follows that 

p{La) = Lp{a) , p{aR) = p{a)R (8.39) 

(where, on the left hand sides, L and R denote the linear maps introduced in the beginning of this subsection) 
and thus 

$(1) := p{S{c)) = e«(^) C e-^^^^ , (8.40) 
with the matrices L, R on the right hand side. Now we obtain (see also the 'trace method' [28-31]) 
$ := p((/>) = ^e"($W)-" = ^e"$« (i^ 

n>l n>l 

= e$(^)(/Af-eK$(^))~^ =e(lA/-e^>(^)i^)"^$(^) . (8.41) 

This coincides (for e = 1) with the matrix solution obtained in section l01 (see (18.131) ). Note that p{aoi b) = 
p{a) {RK - KL) p{b) =: p{a) o p{b). 

Remark. If [/ G M{M,P) and V G M{N,P) are such that RK - KL = VU'^ , then a : Aj^^^ ^ 
Ai{P,P), defined by cj{a) := U'^p{a)V, is an algebra homomorphism, a{a b) = a{a)a{b), which 
sends (p to a solution <t{cI)) of the P x P matrix potential KP hierarchy. But since a is only defined on 
the associative subalgebra A^^.^^, the information how to construct solutions, which is encoded in the WNA 
structure of Afree, is not carried over by a to the target algebra A4 {P, P). □ 
Remark. For fixed /c G N, the two-sided ideal in {Ai^cei°)^ generated by {5k{cm.n) = Cm+k,n — 
Cm,n+k I m, n = 0, 1, . . .} is invariant under the derivations 6j, j = 1,2, . . .. Then A^ := A/Tk is compat- 
ible with the derivations In the quotient algebra, we have 6nk = for all n G N, so that (I7.lt requires 
^t„k ~ 0- ^^^^ contact is made with the Gelfand-Dickey reductions of the KP hierarchy [48]. The 
map p projects to A/^ if C = C i?^. As a consequence, 

exp ( L^"" tkn) C exp ( - R^"^ tkn) = C , (8.42) 

n>l n>l 

which shows that ^^^^ and thus also $ does not depend on the variables tkn, n = 1,2, □ 

9 A-modules, connections, and linear systems 

In this section we introduce a notion of left and right A-module, where A is a WNA algebra. In terms of 
connections on such a module, we formulate a Unear system whose integrability is a consequence of the 
nonassociative hierarchy (17.11) . 
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9.1 A-modules 

Let £ be an 7^-module with a left action of a WNA algebra A (over the commutative ring TZ). We call £ a 
left A-module if 

a{bq) = {ab)q Va G A, 6 € A', g G £ . (9.1) 

Note that, in general, a{f q) / (a /) g for / A'. Similarly, a r/g/if A-module 9\ means an 7^-module with 
a right action of A such that 

{qb)a = q{ba) Va G A, 6 G A', g G 9^ . (9.2) 

The algebra A itself is both a left and a right A-module. 

Fixing some / G A, / A', we define recursively actions o„ via a oi q = a q, q oi a = q a, and 

aon+iq = a{f o^q) - (af) o^q, q o^^i a = q (fa) - {q On f) a . (9.3) 

They depend only on the equivalence class of / in A/ A'. Several of our previous results (where the modules 
were given by A itself) generalize to the present setting. In particular, for m, n = 1, 2, . . . we obtain 

a Om (/ o„ q) - (a o„ /) o„ g = a Om+n Q , (9.4) 

q °m (/ On a) - {qom f) Ona = q Om+n a . (9.5) 

Example. Let £frce be the left .Afree-module (with Atee defined in section im . freely generated by elements 
n = 0, 1, . . ., and y^^ee the right .Afree-module, freely generated by elements fin, n = 0, 1, — They 
can be extended to left, respectively right, Afrcc(/) -modules by setting 

/ fin = IJ-n+l , finf = fin+l n = 1, 2, . . . . (9.6) 

Hence 

fin = L'}{flo), fln = R]{fio)- (9.7) 

As a consequence, £free and D^free are cyclic left, respectively right, Afi.ee(/) -modules with generators fiQ, 
respectively /xq. □ 

9.2 Connections 

Let A be a WNA algebra and 6 a derivation of A. A (5-based module derivation of a left A-module £ is a 
linear map V : £ ^ £, with the property 

V{aq)=5{a)q + aV{q) VaGA,gG£. (9.8) 

Correspondingly, a (5-based module derivation of a right A-module 9^ is a linear map V : 91 ^ IH, such 
that 

V{qa) = V{q)a + q5{a) VaGA,gG9l. (9.9) 

The following propositions are proved by straightforward generalization of the arguments which led to 
the corresponding results in sections |4] and |5l 
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Proposition 9.1 Let 6 be a derivation of a WNA algebra A such that 6 (A) C A'. Any 6-based module 
derivation of a left A-module £, respectively a right A-module 9^, is also a module derivation with respect 
to all actions n = 1, 2, . . ., i.e. 

V(a o„ g) = (5(a) o„ g + a o„ V(g) VaGA,gG£, (9.10) 

respectively 

V{qo„a) =V{q) Ona + qo„6{a) VaGA,gG«K. (9.11) 

(The actions o„ are defined in terms of an element / G A. j □ 

In the following, let / G A \ A' be such that the subalgebra A(/) generated by / is 5-compatible. 
Furthermore, let 2{f,q), respectively ^R{f,q), be cyclic A(/)-modules with generators q, respectively q. 
We further assume that these modules admit, for n = 1, 2, . . ., a 5„-based module derivation determined by 

V„(g):=/o„g, V n{q) ■■= q On f , (9.12) 

respectively. We will refer to this property as V -compatibility. 

Proposition 9.2 

[V„,V„] =0 m,n = 1,2,... . (9.13) 

Calling the set {V„}J^]^ of module derivations a connection, this means that its curvature vanishes. □ 

Let Hn ■ £(/, q) —>■ £(/, q) and En : 9^(/, q) 9^(/, q) be the linear maps recursively defined by 
^o(g) = q, Eo{q) = q, and 

Hn+iiq) = f Hn{q) , En+i{q) = K{q) f , n = 0,l,2,.... (9.14) 

Proposition 9.3 

Hn = Xn{V), 4, = (-l)"Xn(-V) n = 0, 1, 2, . . . , (9.15) 

with V := (Vi, V2/2, V3/3, . . .) and the elementary Schur polynomials Xn- D 



With the help of an indeterminate A, the recursion relations (I9.14t can be expressed as follows, 

H{X){q)=q + XfH{X){q), E{X){q) = q + X E{X){q) f , (9.16) 
with formal power series 

HiX):=^X^Hn = exp(^^ — Vn), ^(A) := A" = exp ( - ^ ^— ^ V„) . (9.17) 

n=0 n>l n=0 n>l 

Since the V„ have the module derivation property and commute, the maps H{X) and E{X) satisfy 

HiX){a 0, q) = H{X){a) o„ H{X){q) , E{X){q o„ a) = E{X){q) o„ E{X){a) , (9.18) 
with H{X), E{X) defined in section|5l 
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H{X) has the inverse exp(— X^„>i(A"/n) V„), which is the above expression for E{—X), but now built 

with the connection on £. Correspondingly, the defining formal power series for H{—\), now built with 
the connection on 9\, is the inverse of E{\). This simply means that we can consider H{\) and E{X) as 
being defined on both modules, £(/, q) and 1H(/, q), and they are related by H{X)E{—X) = id. With this 
notation, we obtain 

H{X){qa) = H{X){q) H{X){a) , E{X){aq) = E{X){a) E{X){q) . (9.19) 
Acting on the two equations ( 19.161 ) with E{—X), respectively H{—X), leads to 

E{X){q)=q + XE{X)if)q, H{X){q) = q + q X H{X){f) , (9.20) 

and thus 

En+i{q)=En{f)q, Hn+M = q Hn{f) n = 0,l,.... (9.21) 

From these equations (for n = 1,2,...) the 'KP identities' ( 15.191 ). respectively (I5.16t . are recovered as 
'integrability conditions' (see also [20]). 

Example. In the case of the free modules £free and ^Hfree. for n = 1,2,... we can consistently define a 
(5„-based module derivation by setting 

V„,(Ato) := / On /^o , V„(/io) := /io o„ / , (9.22) 

respectively. The identities ( 19.211 ) then take the form 

£'„+i(/xo) = e^^uo , Hn+i{flo) = P-o hn n = 0,l,.... (9.23) 

□ 

9.3 Linear systems and the potential KP hierarchy 

Let A now be a WNA algebra over TZ = C°° (the ring of smooth real or complex functions of ti,t2, ■ ■ •)■ 
On £(/, q), respectively q), let us consider the linear systems 

= V„,((?) , qt^ = V„(g) n = 1, 2, . . . , (9.24) 

with the connections defined in ( 19. 12t . By use of proposition 19.11 each of these two systems is seen to be 
compatible if / solves the nonlinear hierarchy (17.11) . With the help of the identities (I9.20t . (19.241) can be 
written as 

Q-[X]=Q- >'f-[x]Q, Q[\] = Q + Q f[x] , (9-25) 

using the notation of section im Furthermore, formal solutions of these linear systems are obtained as 
follows. 

Proposition 9.4 Let {Vn}^=i be the connection defined on £(/o, qo), respectively 9^(/o, qo), according to 
\9.12\ (assuming 5-compatible A(/o) and V -compatible modules). Let /o, gO) be constant (i.e., indepen- 
dent ofti,t2,.. ■). Then 

q:= S{qo), q ■= S{qo) where S := exp (| ^ t„ V^) (9.26) 

n>l 

are formal solutions of \9.24l with f = S{fo), where S is defined in (17. 



30 



Proof: Using S{a o„ q^) = S{a) o„ S'(go) for all a G A(/o), we have 

dtM) = S{Vn{qQ)) = S{fo On qo) = S{fo) On S{qo) = f Onq . 

Since [/] = [/o] G A(/o)/A(/o)', the product o„ is equivalently defined in terms of / (instead of /o), and 
we conclude that dt„{q) = f On q, which proves our assertion. Since -S'(Vn(go)) = Vn(S'(go)) = ^n{q), 
this also shows that defined via (I9.12t in terms of /o, qo coincides with defined in terms of /, q. A 
corresponding argument applies to the right module linear system. □ 

Recall from section |7]that S{fo) satisfies the nonassociative hierarchy (I7.lt . If there is a decomposition 
of / of the form f = v — (j) with constant v and G A' (cf. MAV ). the linear systems imply in particular 
qx = — <P)q and qx = q{v — (f)), respectively, and then (I9.25t can be written as 

q-[\] =q-\qx-^{4>- 4>-[x]) q , ^[a] = q + qx^ - q^ {4>[x] - 4>) ■ (9-27) 



Remark. Suppose q, q are formal series in an indeterminate C,. Furthermore, let 

q = we^^^\ q = we-^^<\ ^(0:=^*"^"' (9.28) 



n>l 



where w, w are formal series in ^ ^ of the form w = X]n>o ''^nC w = J2n>o C " with constant 
wo,wo^ 0. Using 



j;-(ACr) =1-AC (9.29) 



exp 

v ^ — ' n 

n>l 

(as a formal power series), we obtain 

{1- XO{w-ix]-w) = -Xwx + X{<P^ix]-<t>)w, (9.30) 
{l-XC){w[x]-w) = -Au), + Au)(0[A] -</>) . (9.31) 

For A = C"^> these equations reduce to 

Wx = Wx = w{(j)\^,-i^ - (j)) . (9.32) 

Representing A' by a commutative algebra of functions, and correspondingly for £(/, q) and q), with 
^ Tx/t the last equations integrate to 

w = ' Wo, w = wo , (9.33) 
r r 

which are familiar formulae for the Baker- Akhiezer function of the scalar KP hierarchy, and its adjoint 
(cf. [48], for example). By use of these expressions, ( I9.30I ). respectively ( 19.311 ). becomes equivalent to 

{X-^ - C) (t[a]+[c-i] t - T[A] r[^-i]) = T[A] T[^-i],x -n\\,xT[Q-^] , (9-34) 



which is the differential Fay identity (17.141) . □ 

Example. The following supplements the material in section lOl Let A4{M, N) be the algebra of M x 
matrices, taken over C°°, with the product (18.361) which involves an x Af matrix K. Then (where IK 
stands for R or C) extends to a left Ai{M, A^)-module by setting 

Ao^:=AKn yAe M{M,N), fieK^ . (9.35) 
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Correspondingly, extends to a right A4{M, A^)-module by setting 



lloA:=fl^KA yAe M{M,N), lieK^ . (9.36) 

Let us introduce new actions by 

Aoifi ■= {AR)ofi-Ao{Lfi) = A{RK-KL)fi, (9.37) 
fLo^A := {jfKfoA-Jio{LA) = JjL^{RK-KL)A, (9.38) 

where L, R are the matrices in section lOl Together with v oi ■= Lfi and floi v := —Ji^R, this turns the 
above modules into a left, respectively right (A, oi)-module. It is easily verified that 



Aonfi = A [R^-K - KL"-) n, flo^A = fl^iR'^K - KL"") A 



(9.39) 



In the case under consideration, the linear systems ( 19.251 ) take the form 



qt^ = fo^q={hi + 4>K)L^q-ct>R''Kq, (9.40) 
C = qonf = -fR'{lN + K(fy + fKL^ct>, (9.41) 



which are solved by 



q = (lA/ + </.K)e«(^);Uo = e«(^)(/Af-S)-Vo, (9.42) 
f = flle-^^^HlN + K4>)=fililM-B)-'e-~^(^\ (9.43) 

where /xq G K^^ , fio G , 4> is the solution of dOb obtained in section[0 and B = Ce^^^^") Ke^'^^K 
B = e-?(^)Ke«(^)C. Then q, ^also satisfy 

q-[X] =q-Xq.-X{(t>- 4>^lx]){RK - KL)q , qj^^=f + \ql- Xq^{RK - LK){(t>[x] " <t>) -(9.44) 

Choosing u G and v G such that — KL = vu^ (cf. section lOt . it follows that ^p := u^q and 
-f/i = solve the scalar equations 

tp_[x] = - Xil'x - X(.^ - ^-[X])^^ , il^ix] = + Xtpx - Xi;{ip[x] - (f) , (9.45) 

where := ^'(<^) = u^cpv, with the solution (p from section lOl The last equations do not make reference 
to L and R (and thus the WNA structure) any more, they constitute linear systems of the scalar potential KP 
hierarchy with dependent variable (p. □ 



10 Conclusions 

This work originated from our recent study [32] of the combinatorics underlying the building rules of KP 
hierarchy equations, which led to a quasi-shuffle algebra. In [32] we used a weakly nonassociative extension 
of an associative algebra as a technical sidestep in order to simplify certain calculations. The present work 
shows that there are in fact deep relations between the KP hierarchy and (weakly) nonassociative algebras. 

In particular, we have shown that any solution of the 'nonassociative hierarchy' (ll.9t of ordinary dif- 
ferential equations in any WNA algebra A leads to a solution of the KP hierarchy, with dependent variable 
in the associative algebra A'. In special cases (i.e., for certain classes of WNA algebras) we can explicitly 
construct such solutions, as done in section [8l But in general the nonassociative hierarchy il.9i apparently 
cannot be solved explicitly. 
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Though we do not know yet to what extent solutions of the 'nonassociative hierarchy' il.9i really ex- 
haust the set of solutions of KP hierarchies, we have shown that a significant subset of solutions is reached 
in this way, including the multi-soliton solutions of the scalar KP hierarchy. Keeping a possible restriction to 
a subset of solutions in mind, the nonassociative hierarchy (I1.9I) achieves to decouple the partial derivatives 
(t)t„ in the potential KP hierarchy, and presents its content in terms of a hierarchy of ordinary differential 
equations. We should mention that systems of ordinary Riccati type equations related in such a way to the 
scalar KP hierarchy already appeared in [20,49,50]. 

It would be of great interest to explore the relations with other methods to construct solutions of the KP 
hierarchy, in particular with the famous ones of the Japanese group [33,51,52] and of Segal and Wilson [53]. 

Recalling the construction of commuting derivations of a nonassociative algebra, generated by a single 
element /, as outlined in the introduction, the question remains whether there are hierarchies associated 
with other (not weakly) nonassociative algebras. Perhaps there is a nonassociative algebra related to other 
integrable hierarchies in a similar way. At least, we expect that the discrete KP [29,36] and two-dimensional 
Toda lattice hierarchy [54] get a place on this stage. 

In view of the role which integrable systems, and in particular the KP hierarchy, play in algebraic and 
differential geometry, one should expect corresponding nonassociative versions to appear in nonassociative 
generalizations of (noncommutative) geometries (see [55-61], for example). We also refer to [62] for an 
overview of some of the uses of nonassociative algebras in mathematics and physics. 



References 

[1] N. Bourbaki. Elements of Mathematics, Algebra I, Chapters 1-3. Springer, Berlin, 1989. 

[2] E.N. Kuz'min and LP Shestakov. Non-associative structures. In A.I. Kostrikin and I.R. Shafarevich, 
editors. Algebra VI, Berlin, 1995. Springer. 

[3] I. Z. Golubchik, V. V. Sokolov, and S.I. Svinolupov. A new class of nonassociative algebras and a 
generalized factorization method, preprint ESI 53, 1993. 

[4] M.K. Kinyon and A.A. Sagle. Quadratic dynamical systems and algebras. J. Diff. Equations, 117:67- 
126, 1995. 

[5] M.K. Kinyon and A.A. Sagle. Nahm algebras. J. Algebra, 247:269-294, 2002. 

[6] S.I. Svinolupov. Generalized Schrodinger equations and Jordan pairs. Commun. Math. Phys., 143:559- 
575, 1992. 

[7] S.I. Svinolupov. Jordan algebras and integrable systems. Fund. Anal. AppL, 27:257-265, 1994. 

[8] S.I. Svinolupov and V.V. Sokolov. Vector-matrix generaUzations of classical integrable equations. 
Theor Math. Phys., 100:959-962, 1994. 

[9] V.V. Sokolov and S.I. Svinolupov. Deformations of nonassociative algebras and integrable differential 
equations. Acta Applicandae Mathematicae, 41:323— 339, 1995. 

[10] S.I. Svinolupov and V.V. Sokolov. Deformations of triple-Jordan systems and integrable equations. 
Theor Math. Phys., 108:1160-1163, 1996. 

[1 1] I. Z. Golubchik and V. V. Sokolov. Generalized operator Yang-Baxter equations, integrable ODEs and 
nonassociative algebras. J. Nonlinear Math. Phys., 7:184-197, 2000. 



33 



[12] I.A.B. Strachan. Jordan manifolds and dispersionless KdV equations. /. Nonlinear Math. Phys., 
7:495-510, 2000. 

[13] V.E. Adler. On the relation between multifield and multidimensional integrable equations. 
nlin.SI/0011039. 2000. 

[14] M. Giirses, A. Karasu, and R. Turhan. Non-autonomous Svinolupov- Jordan KdV systems. J. Phys. A: 
Math. Gen., 34:5705-5711, 2001. 

[15] C. Bai. Left-symmetric algebras from linear functions. /. Algebra, 281:651-665, 2004. 

[16] H. Hasse and F. K. Schmidt. Noch eine Begriindung der Theorie der hoheren Differentialquotienten 
in einem algebraischen Funktionenkorper einer Unbestimmten. J. Reine und Angew. Math., 177:223- 
239, 1937. 

[17] H. Matsumura. Commutative Ring Theory, volume 8 of Cambridge Studies in Advanced Mathematics. 
Cambridge Univ. Press, Cambridge, 1986. 

[18] L.V. Bogdanov and B.G. Konopelchenko. Analytic -bilinear approach to integrable hierarchies. II. 
Multicomponent KP and 2D Toda lattice hierarchies. J. Math. Phys., 39:4701^728, 1998. 

[19] L.V. Bogdanov. Analytic-Bilinear Approach to Integrable Hierarchies, volume 493 of Mathematics 
and its Applications. Kluwer, Dordrecht, 1999. 

[20] J. Dorfmeister, E. Neher, and J. Szmigielski. Automorphisms of Banach manifolds associated with the 
KP-equation. Quart. J. Math. Oxford, 40:161-195, 1989. 

[21] I. M. Gessel. Multipartite P-partitions and inner products of skew Schur functions. Contemp. Math., 
34:289-301, 1984. 

[22] C. Reutenauer. Free Lie Algebras, volume 7 of London Mathematical Society monographs, new series. 
Clarendon Press, Oxford, 1993. 

[23] C. Malvenuto and C. Reutenauer. Duality between quasi-symmetric functions and the Solomon descent 
algebra. /. Algebra, 177:967-982, 1995. 

[24] M. Hazewinkel. Quasi-symmetric functions. In D. Krob, A.A. Mikhalev, and A.V Mikhalev, editors, 
Formal Power Series and Algebraic Combinatorics, pages 30-44. Springer, 2000. 

[25] I. G. Macdonald. Symmetric functions and Hall polynomials. Oxford University Press, Oxford, 2nd 
edition, 1995. 

[26] J. R. Stembridge. A characterization of supersymmetric polynomials. J. Algebra, 95:439^44, 1985. 

[27] N. Metropolis, G. Nicoletti, and G.C. Rota. A new class of symmetric functions. Math. Anal. AppL, 
PartB, Adv Math. Suppl. Stud. B, 7:563-575, 1981. 

[28] K. Okhuma and M. Wadati. The Kadomtsev-Petviashvili equation: the trace method and the soliton 
resonances. J. Phys. Soc. Japan, 52:749-760, 1983. 

[29] B. A. Kupershmidt. KP or mKP, volume 78 of Mathematical Surveys and Monographs. American 
Math. Soc, Providence, 2000. 



[30] L. D. Paniak. Exact noncommutative KP and KdV multi-solitons. hep-th/0105185 2001. 



34 



[31] A. Dimakis and F. Miiller-Hoissen. Explorations of the extended ncKP hierarchy. J. Phys. A: Math. 
Gen., 37:10899-10930, 2004. 

[32] A. Dimakis and F. Miiller-Hoissen. An algebraic scheme associated with the noncommutative KP 
hierarchy and some of its extensions. J. Phys. A: Math. Gen., 38:5453-5505, 2005. 

[33] M. Sato and Y. Sato. Soliton equations as dynamical systems on infinite dimensional Grassmann 
manifold. In H. Fujita, P. D. Lax, and G. Strang, editors. Nonlinear Partial Differential Equations in 
Applied Science, volume 5 of Lecture Notes in Num. Appl. Anal., pages 259-271, Amsterdam, 1982. 
North-Holland. 

[34] T. Shiota. Characterization of Jacobian varieties in terms of soliton equations. Invent. Math., 83:333- 
382, 1986. 

[35] M. Adler and P. van Moerbeke. Birkhoff strata, Backlund transformations and limits of isospectral 
operators. Adv. in Math., 108:140-204, 1994. 

[36] M. Adler and P. van Moerbeke. Vertex operator solutions of the discrete KP-hierarchy. Commun. 
Math. Phys., 203:185-210, 1999. 

[37] K. Takasaki and T. Takebe. Integrable hierarchies and dispersionless limit. Rev. Math. Phys., 7:743- 
808, 1995. 

[38] D. Levi, O. Ragnisco, and M. Bruschi. Continuous and discrete matrix Burgers' hierarchies. Nuovo 
CimentoB, 74:33-51, 1983. 

[39] S. I. Svinolupov. On the analogues of the Burgers equation. Phys. Lett. A, 135:32-36, 1989. 

[40] M. Hamanaka and K. Toda. Noncommutative Burgers equation. J. Phys. A, 36:11981-11998, 2003. 

[41] B. A. Kupershmidt. On a group of automorphisms of the noncommutative Burgers hierarchy. J. 
Nonlinear Math. Phys., 12:539-549, 2005. 

[42] V.A. Marchenko. Nonlinear Equations and Operator Algebras. Mathematics and Its Applications. 
Reidel, Dordrecht, 1988. 

[43] B. Carl and C. Schiebold. Nonlinear equations in soliton physics and operator ideals. Nonlinearity, 
12:333-364, 1999. 

[44] FR. Gantmacher. The Theory of Matrices, volume 1. Chelsea, 1959. 

[45] R.V. Garimella, V. Hrynkiv, and A.R. Sourour. A solution of an operator equation related to the KdV 
equation. Technical Report 2006-1, Dept. Math., Univ. Central Arkansas, 2006. 

[46] R. Hirota. The Direct Method in Soliton Theory, volume 155 of Cambridge Tracts in Mathematics. 
Cambridge University Press, Cambridge, 2004. 

[47] T. Miwa, M. Jimbo, and E. Date. Solitons: Differential Equations, Symmetries and Infinite Dimen- 
sional Algebras. Cambridge Univ. Press, Cambridge, 2000. 

[48] L. A. Dickey. Soliton Equations and Hamiltonian Systems. World Scientific, Singapore, 2003. 

[49] G. Haak. Negative flows of the potential KP-hierarchy. Trans. Amer. Math. Soc, 348:375-390, 1996. 



35 



[50] G. Falqui, F. Magri, and M. Pedroni. Bihamiltonian geometry, Darboux coverings, and linearization 
of the KP hierarchy. Commun. Math. Phys., 197:303-324, 1998. 

[5 1] M. Sato. Soliton equations as dynamical systems on infinite dimensional Grassmann manifolds. RIMS 
Kokyuroku, 439:30^6, 1981. 

[52] E. Date, M. Kashiwara, M. Jimbo, and T. Miwa. Transformation groups for soliton equations. In 
M. Jimbo and T. Miwa, editors. Non-linear Integrable Systems — Classical Theory and Quantum The- 
ory, pages 39-119, Singapore, 1983. World Scientific. 

[53] G. Segal and G. Wilson. Loop groups and equations of KdV type. Publ. Math. IHES, 61:5-65, 1985. 

[54] K. Ueno and K. Takasaki. Toda lattice hierarchy. In K. Okamoto, editor. Group Representations and 
Systems of Differential Equations, volume 4 of Advanced Studies in Pure Mathematics, pages 1-95, 
Amsterdam, 1984. North-Holland. 

[55] G. Mack and V. Schomerus. Action of truncated quantum groups on quasi-quantum planes and a 
quasi-associative differential geometry and calculus. Comm. Math. Phys., 149:513-548, 1992. 

[56] L.V. Sabinin. Smooth quasigroups and loops: forty-five years of incredible growth. Comment. Math. 
Univ. Carolinae, 41:377^00, 2000. 

[57] A.I. Nesterov and L.V. Sabinin. Nonassociative geometry: Towards discrete structure of space-time. 
Phys. Rev D, 62:081501-1-081501-5, 2000. 

[58] A. Weinstein. Omni-Lie algebras. math.RT/99 12 190 2000. 

[59] M.K. Kinyon and A. Weinstein. Leibniz algebras, Courant algebroids, and multiplications on reductive 
homogeneous spaces. Amer J. Math., 123:525-550, 2001. 

[60] L.M. lonescu. Nonassociative algebras: a framework for differential geometry. Int. J. Math. Math. 
Sci, 60:3777-3795, 2003. 

[61] S. Majid. Gauge theory on nonassociative spaces. J. Math. Phys., 46:103519, 2005. 

[62] J. Lohmus, E. Paal, and L. Sorgsepp. About nonassociativity in mathematics and physics. Acta 
Applicandae Mathematicae, 50:3-31, 1998. 



36 



